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Abstract
We study the supergravity dual to the confinement/deconfinement phase transition
for the N = 4 SU(N) SYM on R × S3 with a chemical potential conjugate to a
U(1) ⊂ SO(6)R charge. The appropriate supergravity system is a single charge black
hole in D = 5 N = 8 gauged supergravity. Application of the gauge/string theory
holographic renormalization approach leads to new expressions for the black hole ADM
mass and its generalized free energy. We comment on the relation of this phase tran-
sition to the Hagedorn transition for strings in the maximally supersymmetric plane
wave background with null RR five form field strength.
May 2003
1 Introduction
The gauge/string theory correspondence [1, 2] relates N = 4 SU(N) supersymmetric
Yang-Mills (SYM) theory to type IIB string theory on the AdS5×S5 background. One
of the most interesting aspects of this correspondence is that it allows for comparison
between quantities that are not protected by symmetries. One class of these non-
BPS quantities naturally arises by considering each side of the correspondence at finite
temperature. For the AdS5 in global coordinates the background geometry is dual to
the SYM theory in R × S3 which opens the possibility of phase transitions. These
phase transitions are among the typical dynamical processes one expects to be able
to address within the correspondence. There are various arguments supporting the
existence of a confining/deconfinement phase transition for the gauge theory in the
strict N → ∞ limit. The nature of the transition, however, is very different at small
and large ’t Hooft coupling. Namely, for λ≫ 1 this confinement/deconfinement phase
transition can be identified [13] with the Hawking-Page (HP) phase transition in an
AdS background [14]. On the other hand, at λ = 0, it was shown in [15] that the
density of gauge invariant states of N = 4 SYM on S3 exhibits a Hagedorn behavior.
Based on these arguments, Polyakov [23] has suggested an interpolating formula for
the density of states: d(∆) ∼ eb(λ)∆, with b(λ) ∼ constant for small λ and b(λ) ∼ λ−1/4
for large λ.
A very peculiar behavior is expected for the free energy of the gauge theory. The
λ = 0 calculation [15] suggests generically a partition function near the Hagedorn
transition of the form
Z(x) ≈ 1
(xH − x)ξ′(xH) ,
where x = e−1/T . From here we see that the free energy is divergent: Z = e−βF ,
F =
1
β
ln(xH − x)ξ′(xH).
On the other hand, at strong coupling we expect the free energy to be finite and
given by the appropriate interpretation of the free energy of the gravity solution. The
natural conjecture is that for a generic value of λ the string theory partition function
in AdS5 × S5 would have a Hagedorn temperature precisely equal to the Hawking-
Page critical temperature. Clearly, to substantiate this claim one needs to know the
quantization of strings in AdS5 × S5 with background Ramond-Ramond fields, which
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is currently not understood1.
While quantization of strings in the full AdS5 × S5 background is not understood
completely, string theory in a particular Penrose-Gu¨ven limit is exactly soluble in the
light-cone [22]. The precise dictionary between string theory quantities and a particular
large R-charge sector of N = 4 SYM was formulated in [3]. Moreover, the statistical
mechanics of these string theories has been studied both in the canonical [17, 20] and
the grand canonical [18, 19] ensembles2. It was found, that, much like in the case
of flat space, strings in plane waves have a Hagedorn temperature. In the case of
the grand canonical ensemble (where in addition to the temperature one introduces a
chemical potential conjugate to the U(1) ⊂ SO(6)R charge) the free energy was shown
to be finite near the Hagedorn temperature [19]: F ∼ √β − βH . This suggests the
possibility of a phase transition. However, the specific heat is negative and diverges:
cV ∼ (β − βH)−3/2, obscuring the nature of the transition.
Following the relation between the Hagedorn transition and Hawking-Page phase
transition outlined above, it is natural to ask whether the Hagedorn physics of strings
in PP wave background is related to the physics of the Hawking-Page phase transition
for the black holes in global AdS5 that carry large U(1)J ⊂ SO(6)R R-charge. The
study of this connection is the main motivation of this paper.
In the next section we discuss the thermodynamics of a single charge black holes
in global AdS5 geometry. The explicit solutions were constructed previously in [4] and
some aspects of the thermodynamics were studied in [5]. We present an alternative
computation of the charged black hole thermodynamic properties, which utilizes the
holographic renormalization approach of [6]. As we explain, this leads to a different
expression for the ADM mass than the one used in, say, [5]. In section 3 we review
the relevant aspects of the thermodynamics of strings in PP background in the grand
canonical ensemble [18]. Unfortunately, we find that the regime where black holes
have a large J-charge corresponds to very different values of the conjugate chemical
potential µJ , from the one used to define the ’corresponding’ PP-wave string grand
canonical partition function.
1An interesting result which might help solve this problem was reported recently in [16].
2Finite temperature string theory on various pp-wave backgrounds has been also discussed in [21].
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2 A single charge black holes in five dimensional gauged su-
pergravity
In this section we discuss the construction (and the thermodynamics) of a single charge
black hole solution in D = 5 N = 8 gauged supergravity. The asymptotic background
is the global AdS5, and the black hole would carry a U(1) ⊂ SO(6)R electric charge.
This solution was originally found in [4] as a special case of the STU-model. The
thermodynamic properties of these black holes were studied previously in [5]. We
present a new computation for the thermodynamics, which gives different results for
the ADM mass (and appropriately the Euclidean action) than the one used in [4, 5],
and in many subsequent papers.
2.1 The black hole geometry
The black hole geometry can be obtained [4] as a solution of the D = 5 N = 8 gauged
supergravity. The relevant effective five-dimensional action is
S5 =
1
4πG5
∫
M5
d5ξ
√−gL
=
1
4πG5
∫
M5
d5ξ
√−g
(
1
4
R + 1
2
g2V − 1
16
H4/3F 2 − 1
12
H−2 (∂H)2
)
,
(1)
where g is the gauge coupling, R is the scalar curvature, Fµν is a U(1) field-strength
tensor, and V is the H scalar potential
V = 2H2/3 + 4H−1/3 . (2)
From (1) we find the following equations of motion
H =H−1 (∂H)2 + 1
2
H7/3F 2 − 3g2H2 ∂V
∂H
,
0 =∂µ
(√−gH4/3F µν) ,
Rµν =
1
2
H4/3FµγFν
γ + 1
3
H−2∂µH∂νH − gµν
[
2
3
g2V + 1
12
H4/3F 2
]
.
(3)
We take the following ansatz for the charged black hole metric
ds25 = −e−2A/3fdt2 + eA/3
(
f−1dr2 + r2
(
dS3
)2)
, (4)
where A, f are functions of the radial coordinate r only, and (dS3)
2
is the round metric
on the unit radius S3. Additionally, we take H ≡ H(r), and the only nonvanishing
4
component of the gauge potential, F = dA, At ≡ At(r). With this ansatz, using the
equations of motion (3), we can rewrite the gravitational Lagrangian in (1) as a total
derivative
√−g
(
1
4
R + 1
2
g2V − 1
16
H4/3F 2 − 1
12
H−2 (∂H)2
)
= −
[
1
12
A′fr3 + 1
2
r2(f − 1)
]′
, (5)
where primes denote derivatives with respect to r.
Omitting the computational details, the relevant two-parameter family {µ, ρ} of
solutions of (3) is
eA = H , f = 1− µ
r2
+ g2r2H , H = 1 + q
r2
, At =
q˜
r2+q
, (6)
where we introduced
q = µ sinh2 ρ , q˜ = µ sinh ρ cosh ρ . (7)
In what follows it will be important that q˜ are the physical charges (i.e., the conserved
charges to which Gauss’s law applies). Note a useful relation
q˜2 = q(q + r2+)(1 + g
2r2+) . (8)
2.2 The thermodynamics
Given the explicit single charge black solution (6), it is straightforward to extract its
thermodynamics. The outer black hole horizon is at r+, the largest non-negative zero
of the function f ,
f(r+) = 0 . (9)
The inverse Hawking temperature β ≡ 1
TH
, and the Bekenstein-Hawking entropy SBH
are given by
β =
1
TH
= 2π
(r2+ + q)
1/2
1 + g2q + 2g2r2+
,
SBH =
Ahorizon
4G5
=
π2
2G5
r2+
(
r2+ + q
)1/2
.
(10)
The computation of the generalized free energy Ω ∼ 1
β
IE (determined from the properly
regularized Euclidean gravitational action IE) and the ADM mass M is slightly more
subtle and we discuss this in some details. In [4, 5], the ADM mass is taken to be
M(µ, q) ∼ 3
2
µ+ q . (11)
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In particular, (11) vanishes for µ = q = 0, which implies that the mass of global AdS5
is assumed to be zero. But the latter statement contradicts the gauge/string theory
correspondence [1, 2]: it was shown in [6] that MAdS5 > 0, moreover its precise value
exactly coincides with the (positive) dual gauge theory Casimir energy. It is instructive
to see what goes wrong with the prescription for computing the ADM mass used in [4].
In [4], following the proposal of [7], the ADM mass of the geometry (4) was defined as
the following surface integral at radial infinity
M = − 1
8πG5
∫
S3
N (K −K0) , (12)
where N is the norm of the time-like Killing vector and K is the extrinsic curvature,
dependent on the black hole parameters {µ, q}; finally K0 is taken to be the corre-
sponding extrinsic curvature of the global AdS5 geometry. Literally following this
prescription for the single charge black of interest here does not give (11), rather we
find M ∼ g2q r2 → ∞. The technical reason for this is that the 5D gauge fields of
the black hole solution modify the first subleading (as r → ∞) correction of f in (6),
that can not be subtracted by comparing with the ’uncharged’ global AdS5 geometry.
Now, the finite mass term results from the second subleading term in f , and thus the
subtraction (12) necessarily would give diverging result3.
In the rest of this section we present the modified prescription for computing IE,M ,
that, first of all, gives finite results for the above quantities. Additionally, in the
limit of vanishing charge and the nonextremality parameter we recover the global AdS
mass of [6]. Our prescription relies on the Maldacena proposal for the existence of
the dual (local) four dimensional quantum field theory for the black hole geometry
(4). In a sense, this is a simple application of the renormalization ideas of [6], which
was originally implemented in [9] for the non-extremal black holes in AdS, charged
under the diagonal U(1)diag ⊂ U(1)3 ⊂ SO(6)R. Unlike the single charge black hole
solutions of interest here, for the U(1)diag charged black holes, the ADM mass can also
be computed [10] by subtracting the global AdS5 geometry as a reference, (12). Both
computations [10,9] lead to the same results for the black hole mass and the regularized
Euclidean gravitational action.
3The application of the procedure of [7] to the recently studied black hole solution [8] would also
give diverging result for the ADM mass. Again, the problem appear to be due to the additional matter
fields compared to the extremal geometry.
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We begin by summarizing our results:
IE =
βπ
G5
(
−1
8
µ− 1
12
q2g2 + 3
32
g−2 + 1
4
r2+
)
,
M =
π
G5
(
3
8
µ+ 1
4
q − 1
12
q2g2 + 3
32
g−2
)
.
(13)
Notice that using (10) and (13) we find the expected thermodynamics relation4
IE = β (M − µq˜ q˜)− SBH , (14)
where µq˜ is the chemical potential conjugate to the physical black hole charge q˜, related
to the gauge potential At (6) at the horizon, r = r+
µq˜ =
vol(S3)
8πG5
At(r)
∣∣∣∣
r=r+
=
π
4G5
q˜
r2+ + q
. (15)
To obtain (14) we used (8). In the limit of vanishing charge we find from (13)
M
∣∣∣∣
q=0
=
3π
32g2G5
+
3πµ
8G5
, (16)
which with identification µ ≡ r20, g ≡ 1ℓ is precisely the result obtained in [6] for the
Schwarzschild black hole in global AdS5.
Let us compute the renormalized (in the sense of [6]) Euclidean gravitational action
IE of (1). First, we regularize (1) by introducing the boundary ∂M5 at fixed (large) r
with the unit orthonormal space-like vector nµ ∝ δµr
Sr5 =
1
4πG5
∫ r
r+
dr
∫
∂M5
d4ξ
√
gELE = − 1
4πG5
∫ r
r+
dr
∫
∂M5
d4ξ
√−gL
=
1
4πG5
∫ r
r+
dr
[
1
12
A′fr3 + 1
2
r2(f − 1)
]′ ∫
∂M5
d4ξ
=
βπ
2G5
[
1
12
A′fr3 + 1
2
r2(f − 1)
]∣∣∣∣
r
r+
,
(17)
where the subscript E represents that all the quantities are to be computed in Euclidean
signature. We used (5) to obtain the second identity in (17). As usual, to have a well-
defined variational problem in the presence of a boundary requires the inclusion of the
Gibbons-Hawking SGH term
SGH = − 1
8πG5
∫
∂M5
d4ξ
√
hE∇µnµ
=
βπ
2G5
[
− 1
12
A′fr3 − 1
4
r3f ′ − 3
2
r2f
]
,
(18)
4Black holes with ’hair’ for which similar relation can be proved are discussed in [11, 8].
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where hµν is the induced metric on ∂M5
hµν ≡ gµν − nµnν . (19)
Finally, as in [6], we supplement the combined regularized action (Sr5 + SGH) by the
appropriate boundary counterterms constructed from the local5 metric invariants on
the boundary ∂M5
Scounter =
1
4πG5
∫
∂M5
d4ξ
(
α1
√
hE + α2R4
√
hE
)
=
βπ
2G5
[
α1 e
A/6f 1/2r3 + 6α2 rf
1/2e−A/6
]
,
(20)
where R4 ≡ R4(hE) is the Ricci scalar constructed from hµν , and αi are coefficients that
can depend only on the curvature of the asymptotic AdS5 geometry
6. The counterterm
parameters αi are fixed in such a way that the renormalized Euclidean action IE is finite
IE ≡ lim
r→∞
(
Sr5 + SGH + S
counter
)
, |IE | <∞ . (21)
Using the explicit solution (6) we find the answer (13) for IE and
α1 =
3
2
g, α2 =
1
8
g−1 . (22)
We now proceed to the computation of the ADM mass for the background (1).
Following [6] we define
M =
∫
Σ
d3ξ
√
σNΣǫ , (23)
where Σ ≡ S3 is a spacelike hypersurface in ∂M5 with a timelike unit normal uµ, NΣ
is the norm of the timelike Killing vector in (4), σ is the determinant of the induced
metric on Σ, and ǫ is the proper energy density
ǫ = uµuνTµν . (24)
The quasilocal stress tensor Tµν for our background is obtained from the variation of
the full action
Stot = S
r
5 + SGH + S
counter , (25)
5The locality condition is very important and it follows from the locality of the dual gauge theory.
In our case this dual gauge theory is the N = 4 SYM in the deconfined phase with a given chemical
potential conjugate to the R-charge. Example where locality condition does not hold will be discussed
elsewhere [12].
6For this reason the values of αi must be the same as the corresponding parameters in [6].
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with respect to the boundary metric δhµν
T µν =
2√−h
δStot
δhµν
. (26)
Explicit computation yields
T µν =
1
8πG5
[
−Θµν +Θhµ − 2α1hµν + 4α2
(
Rµν4 − 12R4hµν
)]
, (27)
where
Θµν = 1
2
(∇µnν +∇νnµ) , Θ = TrΘµν . (28)
It is straightforward to verify that with αi as in (22), the mass as defined in (23) is
finite, and is given by (13).
2.3 The phase diagram of a single charge black hole
To make the connection with the dual N = 4 SU(N) SYM theory on R × S3 we
recall [2]
1
g3G5
=
2N2
π
, g = ℓ−1 . (29)
We would like to identify the thermodynamics characteristics of the single charge black
hole computed in the previous section {IE ,M, SBH ;TH , µq˜} with the appropriate gauge
theory quantities {Ω, E, S, T, µJ}
{IE ,M, SBH ;TH , µq˜} ←→ {Ω, E, S;T, µJ} , (30)
where the thermodynamic potential Ω is related to the Helmholtz free energy F in the
standard way
Ω = F − µJJ = E − T S − µJJ . (31)
The identification we are after must preserve the relation (14) and satisfy the first
law of thermodynamics for the grand canonical ensemble with {T, µJ} as independent
variables
dΩ = −S dT − J dµJ . (32)
We propose to identify
T ≡ TH ,
S ≡ SBH ,
µJ ≡ µq˜ .
(33)
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Given (33), (14), the first law (32) uniquely determines7
Ω ≡ TH IE + g
2π
12G5
q2 ,
E ≡M + g
2π
12G5
q2 .
(34)
We do not have an independent way of justifying the identification (34), apart from the
argument presented above. Note that for the vanishing physical charge q˜, q vanishes
as well, and we get the standard identification βF ≡ IE .
In what follows we set the five dimensional gauge coupling (or equivalently the
AdS5 scale) g = 1. Thus, from (29) all the gauge theory thermodynamics quantities
would scale ∝ N2, as appropriate for the deconfined phase. On the other hand, in the
confined phase we expect these thermodynamic potentials to scale ∝ N0, effectively
zero in the large N limit. For fixed temperature T ≡ TH and chemical potential µJ ,
the physical gauge theory phase ( in the large N limit8) has chemical potential Ωphys
as
1
N2
Ωphys(T, µJ) = min
{
1
N2
Ω(T, µJ) , 0
}
. (35)
We expect the confinement/deconfinement phase transition to occur at {T (µJ), µJ}
such that
Ω(T (µJ), µJ) = 0 . (36)
We found the best way to parametrize the thermodynamics is to use the analog of the
’unphysical’ charge q in the black hole case9. The summary of the thermodynamics is
as follows.
The critical curves for the generalized free energy Ω as a function of (T, q) are pre-
sented in Fig. 1. The green line ( Tgreen(q)) corresponds to the vanishing of the outer
black hole horizon. For values of (T, q) below it, both the r+ and the Ω are imaginary.
The red line (Tred(q)) corresponds to the confinement/deconfinement phase transition
as in (36): for values of (T, q) in the strip between the red and the green lines Ω > 0.
For (T, q) above the phase transition curve, Ω < 0. Asymptotically as q → +∞ we
7Strictly speaking there is a single overall constant, independent of temperature and the chemical
potential, in the definition of E and Ω. The latter constant must be set to zero in order to reproduce
the result for the agreement of gauge theory Casimir energy and the ADM mass [6] at {T = 0, µJ = 0}.
8There is no phase transition, but rather a crossover for finite N .
9Note that the identification (33) for the chemical potential implies that J ≡ q˜.
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Figure 1: The critical curves for the thermodynamic potential Ω(T, q), where q ∈
[0,+∞), T ∈ [0,+∞). Below the green line ImΩ 6= 0. In a strip between the green
and the red lines Ω > 0, and above the red line Ω < 0. The red line corresponds to the
critical line for the confinement/deconfinement phase transition, (36).
have
Tgreen =
1
2π
q1/2 + 1
2π
q−1/2 ,
Tred = Tgreen +
9
16π
q−3/2 +O(q−5/2) .
(37)
At the phase transition temperature Tcritical ≡ Tred, the chemical potential µJN2 and the
charge J are shown in Fig. 2 and Fig. 3 correspondingly. Asymptotically as q → +∞
we find
µJ
N2
= 1
2
+ 3
16
q−1 +O(q−2) , (38)
and
J = q + 3
8
+O(q−1) . (39)
For completeness we also present the asymptotic q → +∞ behavior of Sc ≡ S(Tcritical, q),
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µJ (T critical , q)
Figure 2: The chemical potential µJ conjugate to the charge J as a function of q, at
the critical temperature T = Tcritical.
Ec ≡ E(Tcritical, q), rhor ≡ r+(Tcritical, q)
1
N2
Sc =
3π
4
q−1/2 + 3π
4
q−3/2 +O(q−5/2) ,
1
N2
Ec =
1
2
q + 3
4
+O(q−1) ,
rhor =
√
3
2
q−1/2 +
√
3
4
q−3/2 +O(q−5/2) .
(40)
3 Plane wave background at finite temperature
One of the most interesting aspects the plane wave background is that, being a Penrose-
Gu¨ven limit of AdS5×S5, it can be used as an specific example [3] of the gauge/string
theory correspondence on one side of which there is an exactly solvable theory [22].
The aspect we review in this section is the thermodynamic properties of this back-
ground and its implications for the field theory. The finite temperature partition func-
tion of string theory in the plane wave background with RR null 5-form field has been
obtained in [17–20]. One of the most salient features that has been established is the
existence of a Hagedorn temperature for strings in this background.
To clarify the relation between the string theory and the field theory quantities it
12
05
10
2 4 6 8 10
q
J(Tcritical , q)
Figure 3: The U(1) ⊂ SO(6)R charge J as a function of q, at the critical temperature
T = Tcritical.
is convenient to follow the Penrose limit suggested by Tseytlin and presented in [24].
Namely, we start with
x+ = t, x− = R2(t− ψ), (41)
where R is the AdS radius and ψ is a coordinate parameterizing the great circle of S5.
The Penrose-Gu¨ven limit along this null geodesic results in the standard maximally
supersymmetric IIB plane wave background with null RR 5-form flux and the following
relation between string and gauge quantities:
2p+
µ
= E − J, 2µα′p− = J√
λ
. (42)
In the field theory interpretation E is the energy of states in R×S3 and J is the U(1)
R-charge of the corresponding state.
Let us, following [18, 19], define a slightly more general partition function of the
form
Z(a, b;µ) = TrHe−bp−−ap+ . (43)
One of the virtues of this partition function is that it makes explicit the interpretation
in the grand canonical ensemble as introducing a chemical potential. The partition
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function of an ideal gas of IIB strings in the maximally supersymmetric plane wave
background can be written in term of the single string partition function for bosonic
ZB1 and fermionic Z
F
1 modes:
lnZ(a, b;µ) =
∞∑
r=1
1
r
[
ZB1 (a r, b r;µ)− (−1)rZF1 (a r, b r;µ)
]
. (44)
The single string partition function can be written as
Z1(a, b;µ) = TrHe−bp−−ap+ . (45)
Most of our conclusions will rely on the single string approximation. Using the expres-
sion for the light-cone Hamiltonian obtained in [22]:
Hlc =
1
α′ p−
[
m
8∑
i=1
(ai †0 a
i
0 + S
i †
0 S
i
0)
+
∞∑
n=1
√
n2 +m2
(
8∑
i=1
(ai †n a
i
n + a˜
i †
0 a˜
i
0) + (S
i †
n S
i
0 + S˜
i †
0 S˜
i
0)
)]
, (46)
where m = µα′ p− and identifying τ2 = a/2π α′p− we find
Z1(a, b;µ) =
aVL
4π2α′
∞∫
0
dτ2
τ 22
1/2∫
−1/2
dτ1e
− ab
2πα′τ2 z
(0,0)
lc (τ, µ a/2πτ2)z
(0,1/2)
lc (τ, µ a/2πτ2), (47)
where z
(0,0)
lc and z
(0,1/2)
lc are roughly the partition functions of massive two-dimensional
bosons and fermions respectively and we refer the reader to [17] for the precise notation
and further details. Our main concern will be with the Hagedorn temperature although
other thermodynamic quantities such as the free energy can also be calculated [17–20].
We define the Hagedorn temperature as the value above which the partition function
starts diverging.
b
16µα′
= γ0(
aµ
2π
)− γ1/2(aµ
2π
). (48)
where on the right hand side figure the difference of the Casimir energies for bosons
and fermions [17]. The above expression can be made explicit in terms of integrals or
Bessel functions [17–20].
Let us now turn to the meaning of the expression for the Hagedorn temperature in
terms of the field theory variables. Taking into account (42) and (45), the temperature
and chemical potential of the gauge theory are
βYM =
1
TYM
=
aµ
2
, µJ =
b
2µα′
√
λ
− aµ
2
. (49)
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Figure 4: The chemical potential µJ ′ as a function of the Hagedorn temperature TH
for strings in the maximally supersymmetric plane wave with null RR five form field
strength.
We will use b′ = b/
√
λ, or correspondingly introduce the chemical potential conjugate
to J ′ = J/
√
λ. Note that the latter quantity remains finite in the BMN limit. Thus,
the equation for the Hagedorn temperature as a function of the chemical potential in
gauge theory quantities takes the final form:
1
16
(
1
TH
+ µJ ′
)
=
∞∑
p=1
1
p
(1− (−1)p)K1
(
2p
TH
)
. (50)
The dependence of the chemical potential on the Hagedorn temperature is presented in
Fig. 4. Notice that for high Hagedorn temperatures the relation between the chemical
potential and temperature simplifies to
µJ ′ ≈ 2π2TH . (51)
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4 Hagedorn vs. Hawking-Page transition
The main motivation of this paper is to compare the Hagedorn behavior of strings in
the maximally supersymmetric plane wave background, and the phase transition of the
large charge black holes in the global AdS5 background. To reiterate, the hope is that
these large charge black holes are holographically dual to the large R-charge sector of
the N = 4 SYM at finite temperature, which in turn can be described by an exactly
soluble string model. The idea is then to compare the regime of the phase transition of
black holes and the Hagedorn transition of strings, and thus ’unify’ the two pictures of
the confinement/deconfinement phase transition in N = 4 SYM on R×S3: a Hagedorn
behavior at λ ≪ 1, as discussed in [15], and the Hawking-Page black hole transition
at λ≫ 1, as discussed in [13]. In the rest of this section we explain that the regime of
the criticality of large charge black holes appear to be vastly different from the regime
of the Hagedorn behavior of strings in PP wave background.
In section 2 we studied the thermodynamics of large charge black holes in global
AdS5 geometry. We found that these nonextremal geometries have a phase transition
which is, in a sense, a generalization of the Hawking-Page phase transition [14]. It was
argued in [13] that the HP phase transition realizes the strong coupling gravitational
dual to the confinement/deconfinement phase transition in N = 4 SU(N) supersym-
metric Yang-Mills theory on R× S3 background. There is an important difference be-
tween the phase transition for the charged black holes and the HP one discussed in [13].
For the HP transition one has two geometries, and compares the difference of their free
energies (or Euclidean gravitational action). In the limit of vanishing nonextremality,
one of the geometries does not have a horizon, but is simply a global Euclidean AdS5
with the appropriately periodically identified time direction. In study the phase tran-
sition, this geometry is then used as a reference for the subtraction (“regularization” in
the language of [6] ) of the Euclidean black hole gravitational action. As we explained
above, in the case of the charged BH this subtraction procedure leads to an infinite
expression for the ADM mass of the BH. Rather, the appropriate generalization would
seem to be the subtraction of the “charged” global AdS geometry, which however does
not have a horizon. Such a nonsingular geometry does not exist since it requires to take
the limit µ→ 0 with q – fixed and this is a violation of the ’BPS bound’. This situation
motivated the use of the regularization procedure, which does not require a reference
background. Luckily, this can be implemented with a straightforward application of
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the holographic renormalization ideas of [6]. The obvious drawback for the absence of
the reference background is that from the gravity perspective, the phase transition is
defined in a rather ad hoc manner, i.e., as the vanishing of the generalized free energy,
(36). Nonetheless, this definition of the phase transition is well motivated from the
perspective of the holographically dual gauge theory. We found, compare (37)-(39),
that a large value of charge for the black hole at the critical (phase transition) tem-
perature implies a finite nonzero value of the chemical potential. Also, large charge at
criticality implies large critical temperature:
Tcritical
∣∣∣∣
J→∞
∝ J1/2 ,
µJ(Tcritical)
∣∣∣∣
J→∞
→ N
2
2
.
(52)
In section 3 we reviewed, that quite opposite to the regime of the critically of large
charge black holes (52), the Hagedorn regime of strings in PP wave background for
high Hagedorn temperature requires large values of the chemical potential, (51).
5 Conclusion
We attempted to provide a more precise relation between the Hagedorn description and
the Hawking-Page like phase transition for the confinement/deconfinement transition
in four dimensional N = 4 SU(N) theory on S3, by introducing a chemical potential
conjugate to the large R-charge. The hope was that though the exact quantization
of strings in AdS5 × S5 is not known, for large R-charge the essential physics could
be captured by a string dual to this large R-charge sector, which is exactly soluble.
Unfortunately, we found that this is not so. It is plausible that rephrasing this con-
finement/deconfinement phase transition in the language of the Hagedorn transition at
strong coupling would require the more detailed understanding of strings in AdS5×S5.
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